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Abstract
This work is devoted to consideration of recombination eﬀects of long-range interacting dark matter. It includes some calculation
details and discussion of questions which remained outside the scope of arXiv:1506.03094.
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1. Introduction
The problem of dark matter (DM) is one of the central problems in cosmology and particle physics. There are
now several ways to solve it. One from them is the models of self-interacting DM (see, e.g., [1]), in particular, the
models of DM with the Coulomb-like interaction (based on dark U(1) gauge symmetry), see [2-5]. They are of special
interest, since in their framework, one can avoid the problems of the standard cold dark matter scenario (CDM model),
related to the density distribution in the small halo, the number of them (see [1], [6]). Speciﬁc feature of the models
with the long-range (Coulomb) interaction (hereafter referring as to y-interaction) is opportunity for y-charged DM
particles (x-particles) to form bound states. Eﬀectiveness of this recombination process crucially aﬀects a viability
of the model, therefore accuracy of its description is very important. As was shown in [7], process of recombination
can be described on the classical approach along with a quantum one, and both lead to very diﬀerent results. Here we
consider some aspects of the classical approach application, remained outside the scope of [7].
2. Estimation of the eﬀects of recombination
First, one considers the process of binding of two oppositely y-charged particles from classical point of view. In
classical case a particle moving in an electric ﬁeld loses energy due dipole radiation [8]:
dε
dt
=
1
6π
d¨2 (1)
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where dεdt is the radiation power, d is the electric dipole moment. The latter can be expressed through the acceleration:
d¨ = eyw, where ey is the y-charge of DM particle, w =
αy
r2
1
μ
(radiation damping is negligible). Radiation power is
equated to total mechanical (kinetic plus potential) energy loss rate. Using relation dt = dr
√
1
2
μ
(
E+ αyr − M
2
2μr2
) , where r
is the distance between the interacting particles, eq. (1) takes the form:
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) (2)
where μ is the reduced mass of the interacting particles, M is angular momentum. It can be shown that the term “E”
inside the root can be ignored at distances where the energy losses become essential.
Under assumption that the angular momentum is conserved, eq. (2) takes the form:
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r2
) (3)
where E0 is the initial energy of particle, ρ is the impact parameter. From (3) one gets equation for the total mechanical
energy of the particle:
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where x = αyrE0ρ2 , x = 1 corresponds to a turning point. Binding occurs when E = 0; ρ∗ =
( √
2π
8
μ
E0
) 1
5 αy√
μE0
is the impact
parameter at which E = 0 is achieved when x = 1. If the impact parameter ρ ≤ ρ∗ the total mechanical energy at any
distance before the binding can be deﬁned from eq. (4). If ρ > ρ∗, the energy is deﬁned as:
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The impact parameter at which binding occurs at inﬁnity is called the maximum impact parameter, ρmax, it is
deﬁned from eq. (5):
ρmax =
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1
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(6)
On the Fig. 1 the change of energy when the particle moves within attractive potential ﬁeld is shown for several
impact parameter values. One can see when the particle turns.
If ρ = 0 the eq. (4) takes the form:
E = E0 − 2
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(7)
In this case the radius of the binding Rb (i.e. the distance at which E = 0) can be found explicitly:
Rb =
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We need to compare this radius with a spacing between the x-particles
Lsp ≈
(
nDM
r
r0
)−1/3
, nDM =
ΩDMρmod
MDM
(z + 1)3 (9)
26   K.M. Belotsky et al. /  Physics Procedia  74 ( 2015 )  24 – 27 
Fig. 1. The change in energy when the particle moves. The horizontal axis represents the distance between the particles in units of the Bohr radius,
the vertical axis represents the energy with respect to the initial one.
whereΩDM ≈ 0.25, ρmod ≈ 5.5 keV/cm3 is the modern critical density of the Universe, MDM is the mass of heavier
DM particle, z is the redshift. This length should be compared not only with Rb, but also with the energy loss length
scale. The latter we deﬁne as a distance on which 90% of the energy is lost. It has simple relation to Rb
Lloss = (10
2/5 − 1) · Rb (10)
Recombination is possible when
Lloss
Lsp < 1. Taking into account eqs. (8)-(10) this condition can be rewritten as:
αy < 4.4 · 1018
(
MDM
1 TeV
)1/3
μ
100 GeV
v4/5(z + 1)−1 (11)
where v =
√
2E0/μ.
After decoupling of DM particles from y-background, their temperature is given by (see [7])
Tx =
T 2
Txy
, Txy ≈ 0.2 MeV
(
μ
100 GeV
) 3
2 1/100
αy
(12)
where T = 2.7 K · (z + 1) is the temperature of ordinary photons. Then
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As shown in [7], the late evolution period is most important in consideration of recombination. One chooses z = 10,
when large-scale structure starts to form. Then E0 ≈ 10−10
(
100 GeV
μ
) 3
2 αy
1/100 eV and eq. (11) takes the form:
αy < 5.5 · 1016
(
MDM
1 TeV
)5/9
(14)
This condition is fulﬁlled for all reasonable parameter values.
However, if ρmax > Lsp or r∗ > Lsp, where r∗ ∼ αyTx is the radius of interaction between x-particles, x-plasma
(surrounding x-particles) aﬀects the process of binding. The condition ρmax < Lsp with the use of eqs. (6), (9) is
reduced to:
αy < 2.8 · 1018
(
MDM
1 TeV
)1/3
μ
100 GeV
v7/5(z + 1)−1 (15)
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Fig. 2. The ratios LlossLsp ,
ρmax
Lsp
and r∗Lsp are shown as the function of temperature. The dotted lines show the ratios without account for recombination,
the solid lines are with that.
For z = 10 eq. (15) comes to:
αy < 8.7 · 1013
(
MDM
1 TeV
)10/9 (
μ
100 GeV
)−10/4
(16)
Analogously one ﬁnds condition r∗ < Lsp, where r∗ ≈ αyE0 .
All the ratios discussed are shown on the Fig. 2. Black, red and blue lines show dependences respectively of
Lloss
Lsp
, ρmaxLsp and
r∗
Lsp
from temperature of ordinary photons. The following parameter values are used: μ = 100 GeV,
MDM = 1 TeV, αy = 1/100. Unlike dashed lines, the solid ones in each case take into account suppression of free
(unbound) x-particles due to their recombination, as obtained in [7].
As one can see r∗/Lsp becomes > 1 in the late period. This case corresponds to rather multiple scattering recom-
bination and requires special consideration.
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